I. Introduction S
HOCK-INDUCED flow separation can occur in a supersonic overexpanded convergent/divergent (CD) nozzle. Computational simulation of such separated turbulent flow is a challenging task.
1−4 Turbulence modeling remains a major factor for both the accuracy and efficiency of the computations. Hamed and Vogiatzis 5, 6 computed the flow in an overexpanded CD nozzle and compared the results using several turbulence models. Their results indicate significant spread of the computed shock location and pressure distribution by the different algebraic and two-equation turbulence models. Turbulent separated flows induce nonequilibrium effects, which are not accounted for in low-order turbulence models including the baseline k-ε and k-ω turbulence models. More complex Reynolds stress models require large computational resources. Hunter 3 and Carlson 4 used a NASA Langley Reynolds-averaged Navier-Stokes computational fluid dynamics code (PAB3D) to calculate such flows. They used two-equation k-ε turbulence closure with a nonlinear algebraic Reynolds stress (ARS) model. Their computational results in general agree well with experimental data but the method is still relatively complex and presents numerical stiffness, which may require very fine grid resolution and much computation. To account for the nonequilibrium effects of turbulence, Olsen and Coakley 7 proposed a lag model. The idea is to take a baseline two-equation model and couple it with a third (lag) equation to model the nonequilibrium effects for the eddy viscosity. Xiao et al. 8 incorporated the lag model with the baseline k-ω turbulence model and conducted turbulent simulations for steady and unsteady diffuser flows. Their computational results show significant improvements over results without the lag model for separated flow cases. Compared to the ARS model, the implementation of the lag model on top of a conventional twoequation model requires little change in the computer code because the same numerical algorithm can be used to solve the added lag equation, which is simpler than the other turbulence-model equa- Received 
II. Lag Model and the Numerical Method
The details of the computational equations and the numerical method are described by the authors in Ref. 8 . The Reynoldsaveraged Navier-Stokes equations and the baseline Wilcox 9 k-ω turbulence model are used to predict the equilibrium eddy viscosity ν t E . The actual turbulent eddy viscosity used to calculate the Reynolds stress ν t is expressed by the lag model from Olsen and Coakley 7 as
where a 0 = 0.35, R T 0 = 1, R T ∞ = 0.01, R T = ρk/µ T ω, ρ is the density, and ω is the specific dissipation rate. As Olsen and Coakley 7 pointed out, the conventional one-and two-equation turbulence models generate Reynolds stresses that respond too rapidly to changes in mean flow conditions partially due to the need to accurately reproduce equilibrium flows. As a result, these baseline turbulence models give unsatisfactory results for flows with significant separation under adverse pressure gradients or across shock waves. The preceding lag equation is essentially a relaxation model intended to account for memory effects of the turbulence eddy viscosity in adjusting to its local equilibrium value. Compared to the ARS model, which is regarded as an intermediate model between two-equation models and Reynolds stress models for improving turbulence modeling at a reasonable computational cost, the lag equation as shown in Eq. (1) is easily coupled with the NavierStokes and the k-ω equations in a time-marching method and has a stable numerical property. The finite volume numerical method for solving the governing equations and the turbulence model equations are described in detail by Liu and Ji 10 and Xiao et al. 8 The code uses a dual time-stepping method proposed by Jameson 11 for unsteady flows. However, for the cases studied in this Note, only the steady option of the code is used. Local time stepping, residual smoothing, and multigrid techniques are used to accelerate the solution for the Navier-Stokes and turbulence model equations.
III. Computational Results and Discussion
The same planar two-dimensional CD nozzle tested and computed by Hunter 3 is studied here. Computations are conducted and compared with the experimental data from Ref. 
, and 608 × 64 grid points, respectively. Computed wall pressure distributions on the three grids (not shown here) indicate that the results on the medium grid almost coincide with those on the fine grid. Therefore, the results on the 1216 × 128 grid will be shown below. The total pressure and total temperature at the inlet are set to be p t = NPR × p a , T t = T a , respectively, where p a is the ambient pressure equal to 14.85 psi and T a is the ambient temperature set at 530 R. The computational time for one typical case with the lag model is about 6-7% more compared to the time without the lag model. The convergence histories for mass, momentum, and energy are almost the same as those using the baseline model. Figure 2 shows the computed top wall pressure distribution for NPR from 1.4 to 8.78 along with the experimental data. The pressures are normalized by the nozzle inlet total pressure. Significant differences exist between the computational results and the experimental data for NPR values less than 2.4. Hunter 3 found the same behavior in his two-dimensional computations and pointed out that the differences were due to the fact that the flow became very threedimensional at the low NPR values. With increasing NPR, the results with the lag model agree very well with the experiments. A close-up view of the pressure distribution for NPR = 2.4 is shown in Fig. 3 along with Hunter's computational result with the k-ε ARS model by Shih et al. 12 The lag model accurately predicts the pressure distribution and shock location. However, the baseline k-ω model without the lag model significantly miscalculates the shock loca- tion. For NPR ≥ 5.4, the flow inside the nozzle becomes essentially shock free. Figure 2 shows that both solutions collapse onto one curve and agree well with the experimental data. The effect of the lag model on the wall pressure is insignificant in those cases.
A. Pressure Distribution

B. Mach Contours
The computed Mach contours at NPR = 2.4, 3.8, and 5.4 are shown in Figs. 4a, 4b, and 4c , respectively. The top portion of each of the figures shows the solution without the lag model and the bottom portion is the solution with the lag model for the same flow condition. A well-defined lambda shock appears inside the nozzle for NPR = 2.4. The shock induces a separation on the wall. The flow downstream of the shock is fully detached. At NPR = 3.8, the shock wave moves downstream along the wall toward the exit. The lambda shock system becomes a single oblique shock. However, the shock wave still originates from the inside wall of the nozzle very close to the exit and the flow separates after the shock. As the NPR is further increased to 5.4, the oblique shock moves completely outside the nozzle and the corresponding pressure distribution shown in Fig. 2 indicates that the internal nozzle is shock free. It is seen that the shock locations predicted by the baseline k-ω model and with the lag model are significantly different for the two cases of the lower NPR values. 
C. Shock Structure
The computed shock structure at NPR = 2.4 is analyzed. The corresponding schematic of the shock pattern is illustrated in Fig. 5 , where M and α are the flow Mach number and angle, respectively. Subscripts 1, 2, and 3 denote the conditions immediately before and after the first leg of the shock, and that immediately after the second leg of the lambda shock, respectively; y/ X t is the height of the Mach stem (normal shock) and X s / X t is its location, where X t is the nozzle throat height. Comparisons of these parameters are made in Table 1 Ref. 3 . Figure 6 shows the streamline pattern of the flow near the exit of the nozzle for this flow condition. The double-eddy recirculation region is also observed by Hunter in Ref. 3 .
The baseline k-ω turbulence model generates Reynolds stresses that respond too fast to the changes in the mean flow. This problem is severe when the flow is in a nonequilibrium region, such as in the shock-induced separation region of the preceding nozzle flow for NPR = 2.4. This is reflected by a large eddy viscosity predicted in the separated area by the baseline model. The lag model effectively reduces the response time of the Reynolds stresses, or rather the values of the turbulent eddy viscosity in this case, through the use of the relaxation model shown in Eq. (1). It better reflects the physics of separated flow and thus yields more accurate results compared to the baseline model.
IV. Conclusions
A computational study of turbulent separated nozzle flow has been conducted using the baseline k-ω turbulence model with and without the inclusion of a lag model. Results are compared to experimental and computational data using an ARS model. The lag model introduces history effect and relaxation of the eddy viscosity over the equilibrium values predicted by the baseline model. The inclusion of the lag model significantly improves the results where there is strong shock-induced separation. For flows with weak or no separation, the lag model reverts to the baseline model. The lag model provides an attractive engineering alternative to the more complex ARS model.
